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Aditya Dwarkesh, 19MS047

Spivak’s Calculus on Manifolds, Chapter II

2-1. Let limh→0
|f(a+h)−f(a)|

|h| = |Df(a)| =⇒ limh→0|f(a + h) − f(a)| = limh→0|hDf(a)| ≤
limh→0|hM |(for some M ∈ R) =⇒ limh→0|f(a+ h)− f(a)| = 0. Hence, proved.

2-2. If f is independent of the second variable, we can define g(x) = f(x, 0). Conversely, if f(x, y1) =
g(x) = f(x, y2), f is independent of the second variable.
f ′(a, b) = (g′(a), 0).

2-3. f is independent of the first variable if f ′(a, b) = (0, g′(b)), where g : R→ R. If f is independent
of both variables, it must be the constant function.

2-4.

1. h(t) = f(tx) = |tx|g( tx
||tx|| ) = tf(x), since g is an odd function. Thus, h′(t) = f(x).

2. limh→0
|f(h,0)−f(0,0)|

|(h,0)| = limh→0g( (h,0)
|h| ) = g(±1, 0) = 0 (given). Similarly, g(0,±1) = 0 =⇒

limk→0
|f(0,k)−f(0,0)|

|(0,k)| = 0. Thus, if it exists, Df(0, 0) = 0.

However, lim(h,k)→0
|(f(h,k)−f(0,0)|

|(h,k)| = limx→0g( x
||x|| ) (replacing (h, k) with x). Since g is an odd

function, this limit exists only if g = 0. Hence, proved.

2-5. Defining g( (x,y)
|(x,y)| ) = x|y|

|(x,y)|2 shows the required.

2-6. It is clear that limx→0
|f(x,0)|
|x| = limy→0

|f(0,y)|
|y| = 0. Thus, if it exists, the derivative is 0.

However, limh→0
|f(h,h)|
|(h,h)| = 1√

2
6= 0. Thus, the derivative does not exist.

2-7. Note that f(0) = 0. Thus, limh→0
|f(h)−f(0)|

|h| ≤ limh→0|h| = 0. Thus, Df(0) = 0.

2-8. First, suppose f is differentiable. Note that fj = pjof , where p is the projection map onto
the first component. Being a linear map, pj is differentiable. Thus, being the composition of two
differentiable functions, fj is differentiable.

Conversely, suppose each fj is differentiable. Then, for λ = (Df1(a), ...Dfn(a)), limh→0
||f(a+h)−f(a)−λh||

||h|| ≤∑n
j=1 limh→0

|fj(a+h)−fj(a)−Dfj(a)|
||h|| = 0 (using problem 1-1 and interchanging limit and finite sum).

2-9.

1. If f is differentiable, we can define the function as g(x) = f(a) + f ′(a)(x− a).

Alternatively, we have limh→0
f(a+h)−a0

h = a1; but also, f(a) = g(a) = a0. Thus, this gives
f ′(a) = a1, and we are done.

2. By Taylor’s theorem, f(x) = fn(y)
n! (x−a)n+

∑n−1
i=1

fi(x)
i! (x−a)i, y ∈ (x, a). Thus, limx→a

f(x)−g(x)
(x−a)n =

limx→a
fn(y)(x−a)n−fn(x)(x−a)n

(x−a)n = 0.
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2-10.

1.
(
yxy−1 xyln(x) 0

)
2.

(
yxy−1 xylnx 0

0 0 1

)
3.
(
sin(y)cos(xsin(y)) xcos(y)cos(xsin(y))

)
4. cos(x(sin(ysin(z)))

(
(sin(ysin(z)) xcos(ysin(z))sin(z) xycos(ysin(z))cos(z)

)
5.
(
yzxy

z−1 zyz−1xyln(x) y(xy
z

)ln(x)
)

6.
(
(y + z)xy+z−1 xy+zln(x) xy+zln(x)

)
7.
(
z(x+ y)z−1 z(x+ y)z−1 (x+ y)zln(x+ y)

)
8.
(
ycos(xy) xcos(xy)

)
9.
(
cos(3)xcos(xy)sincos(3)−1(xy) cos(3)ycos(xy)sincos(3)−1(xy)

)
10. By 1, 3 and 8, we have:

 ycos(xy) xcos(xy)
sin(y)cos(xsin(y)) xcos(y)cos(xsin(y))

yxy−1 xyln(x)


2-11. Let h(t) =

∫ t
a
g. We know that h′(x) = g(x).

1. f(x, y) = h(x+ y) =⇒ Df(x, y) = (g(x+ y), g(x+ y)).

2. f(x, y) = h(xy) =⇒ Df(x, y) = (yg(xy), xg(xy)).

3. f(x, y, z) = h(sin(xsin(ysinz))) = h(r) =⇒ Df(x, y) = (a1g(r), a2g(r), a3g(r)), where a1, a2, a3
are the components of the matrix in 2-10 4.

2-12.

1. We shall first show that |f(h, k)| ≤M |h||k|, where M =
∑
i,j |f(ei, ej)|, where {ei} are the basis

vectors for Rn and {ej} for Rm.
Let h =

∑
i aiei, k =

∑
j bjej . Then, |f(h, k)| = |f(

∑
i aiei,

∑
j bjej)| = |

∑
i,j aibjf(ei, ej)| ≤

|max{ai}max{bj}|M ≤M |h||k|.
Now, note that |h||k||(h,k)| = |h||k|√

h2+k2
≤
√
h2 + k2, since (|h| − |k|)2 ≥ 0 =⇒ |h|2 + |k|2 ≥ |h||k| =⇒

|h||k| ≤ h2 + k2.

Thus, 0 ≤ lim(h,k)→0
|f(h,k)|
|(h,k)| ≤ lim(h,k)→0

M |h||k|
|(h,k)| ≤ lim(h,k)→0M

√
h2 + k2 = 0. Hence, proved.

2. Let λ(h, k) = f(a, k) + f(h, b). Note that this is linear: λ(c(h, k) + (x, y)) = f(a, ck+ y) + f(ch+

x, b) = cf(a, k)+f(a, y)+cf(h, b)+f(x, b) = cλ(h, k)+λ(x, y). Then, lim(h,k)→0
f(a+h,b+k)−f(a,b)−λ(h,k)

|(h,k)| =

lim(h,k)→0
|f(a,b)+f(a,k)+f(h,b)+f(h,k)−f(a,b)−λ(h,k)|

|(h,k)| = lim(h,k)→0
f(a,k)+f(h,b)−λ(h,k)

|(h,k)| = 0.

Thus, Df(a, b)(x, y) = f(a, y) + f(x, b).

3. It is easy to check that p(a, b) = ab is bilinear: p(ca, b) = cab = cp(a, b) = p(a, cb); p(a + c, b) =
ab + cb = p(a, b) + cb; p(a, b + d) = ab + ad = p(a, b) + p(a, d). Setting f(h, k) = hk, we obtain
Df(a, b)(x, y) = f(a, y) + f(x, b) = ay + bx.

2-13.

1. From the above, we have D(IP )(a, b)(x, y) = 〈a, y〉+ 〈x, b〉.
(IP )′(a, b) = (b, a), since (b, a)(x, y)t = 〈b, x〉+ 〈a, y〉.
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2. Let h(t) = IP (u(t)), u(t) = (f(t), g(t)). Then h′(a) = [DIP (f(a), g(a))][Du(a)] =
(g(a), f(a)) ∗ (f ′1(a), ...f ′n(a), g′1(a)...g′n(a))t = 〈f ′(a)t, g(a)〉+ 〈f(a), g′(a)t〉.

3. Put h(t) = 〈f(t), f(t)〉 = 1 in the previous problem. Since h(t) is a constant function, dh
dt =

0 =⇒ 〈f ′(t)t, f(t)〉+ 〈f(t), f ′(t)t〉 = 2〈f ′(t)t, f(t)〉 = 0 =⇒ 〈f ′(t)t, f(t)〉 = 0 for all t.

4. Let f(t) = t.|t| is not differentiable at 0.

2-14.

1. Let g : Ei × Ej → Rp, g(x, y) = f(a1...ai−1, x, ai+1, ...aj−1, y, aj+1, ...ak). This is clearly a

bilinear map. Thus, 0 ≤ lim(hi,hj)→0
|g(hi,hj)|
|h| ≤ lim(hi,hj)→0

|g(hi,hj)|
|(hi,hj)| = 0 (from 2-13, i) =⇒

limh→0
f(a1,...hi,...hj ,...ak)

|h| = 0.

2. f(a1+h1, a2+h2, ...ak+hk) = f(a1, ...ak)+
∑k
i=1 f(a1, ..hi, ...ak)+

∑k
1≤j1<j2≤k f(a1, ...hj1, ...hj2, ...ak)+

other terms. The last set of other terms will each have three or more entries of hi in the function’s
argument. We denote them collectively by R(h).

We claim that limh→0
|f(a1+h1,...ak+hk)−f(a1,...ak)−

∑k
i=1 f(a1,..hi,...ak)|

|h| = 0. This will show that

λ(h1, ...hk) =
∑k
i=1 f(a1, ..hi, ...ak). From the above, we have 0 =

limh→0
|f(a1+h1,...ak+hk)−f(a1,...ak)−

∑k
i=1 f(a1,..hi,...ak)−

∑k
1≤j1<j2≤k f(a1,...hj1,...hj2,...ak)−R(h)|

|h| ≥

limh→0
|f(a1+h1,...ak+hk)−f(a1,...ak)−

∑k
i=1 f(a1,..hi,...ak)|

|h| −limh→0

∑k
1≤i<j≤k

|f(a1,...hi,...hj ,...ak)|
|h| −limh→0

|R(h)|
|h| .

The second term vanishes, by the previous part of this exercise. We can argue similarly for the
third grouping of terms by holding one of the hi components constant.
Thus, Df(a1, ...ak)(x1, ..xk) =

∑k
i=1 f(a1, ...xi, ...ak).

2-15.

1. We know that the determinant is a multilinear map. Thus, this result follows immediately from
the above.

2. From the chain rule, we have f ′(t) = [Ddet(aij(t))]o[Daij(t)] =
∑n
i=1 det


a1
.
a′i
.
an


where a′i = (a′i1, ...a

′
in).

3. Let A = (aji), s = si = b = bi, where s, b are column vectors. Then, we have As = b. Cramer’s

rule yields si = detAi

detA = gi(t)
f(t) (say). Then, s′i(t) =

f(t)g′i(t)−f
′(t)gi(t)

(f(t))2

2-16. Define h : Rn → Rn, h(x) = x. Clearly, fof−1 = h. Thus, D(fof−1)(a) = Dh(a) = f ′(f−1(a))∗
(f−1)′(a). But Dh(a) = I =⇒ (f−1)′(a) = [f ′(f−1(a)]−1.

2-17.

1. ∂f
∂x = yxy−1, ∂f∂y = xyln(x)

2. ∂f
∂x = ∂f

∂y = 0, ∂f∂z = 1.

3. ∂f
∂x = sin(y)cos(xsin(y)), ∂f∂y = xcos(y)cos(xsin(y))

4. ∂f
∂x = (sin(ysin(z))cos(x(sin(ysin(z))), ∂f∂y = cos(x(sin(ysin(z)))xcos(ysin(z))sin(z),
∂f
∂z = cos(x(sin(ysin(z)))xycos(ysin(z))cos(z)

5. ∂f
∂x = yzxy

z−1, ∂f∂y = zyz−1xyln(x), ∂f∂z = xy+zln(x)

3



6. ∂f
∂x = (y + z)xy+z−1, ∂f∂y = ∂f

∂z = xy+zln(x)

7. ∂f
∂x = ∂f

∂y = z(x+ y)z−1, ∂f∂z = (x+ y)zln(x+ y)

8. ∂f
∂x = ycos(xy), ∂f∂y = xcos(xy)

9. ∂f
∂x = cos(3)xcos(xy)sincos(3)−1(xy), ∂f∂y = cos(3)ycos(xy)sincos(3)−1(xy)

2-18.

1. ∂f
∂x = ∂f

∂y = g(x+ y).

2. ∂f
∂x = g(x), ∂f∂y = −g(y).

3. ∂f
∂x = yg(x, y). ∂f

∂y = xg(x, y).

4. ∂f
∂x = 0, ∂f∂y = g(

∫ y
a
g)g(y).

2-19. Note that f(1, y) = 1 everywhere. Since it is constant, we have D2f(1, y) = 0.

2-20.

1. f(x, y) = p(u, v) = uv, u = g(x), v = h(y).
∂f
∂x = ∂p

∂u
dg
dx + ∂p

∂v
dh
dx = vg′(x) + u ∗ 0 = g′(x)h(y). By symmetry, we can also say ∂f

∂y = g(x)h′(y).

2. f(x, y) = p(u, v) = uv, u = g(x), v = h(y).
∂f
∂x = ∂p

∂u
dg
dx + ∂p

∂v
dh
dx = vuv−1g′(x) + 0 = g(x)h(y)−1g′(x)h(y).

∂f
∂y = ∂p

∂u
dg
dy + ∂p

∂v
dh
dy = 0 + uvln(u)h′(y) = g(x)h(y)h(y)ln(g(x)).

3. ∂f
∂x = g′(x), ∂f∂y = 0.

4. ∂f
∂y = g′(y), ∂f∂x = 0.

5. f(x, y) = g(p), p = p(x, y) = x+ y.
∂f
∂x = dg

dp
∂p
∂x = g′(x+ y). Similarly, ∂f

∂y = g′(x+ y).

2-21.

1. ∂f(x,y)
∂y =

∂
∫ x
0
g1(t,0)dt

∂y +
∂
∫ y
0
g2(x,t)dt

∂y = D2g(x, y) (fundamental theorem of calculus).

2. f(x, y) =
∫ x
0
g1(t, y)dt+

∫ y
0
g2(0, t)dt.

3. f(x, y) = x2+y2

2 , f(x, y) = xy.

2-22. We apply the mean value theorem on one variable. So, f(x, y1)− f(x, y2) = ∂f
∂y (x, y0)(y1 − y2)

for some y0 ∈ [y2, y1]. But we know that ∂y
∂y = 0∀(x, y) =⇒ f(x, y1) = f(x, y2)∀x, y1, y2. This shows

that f is independent of the second variable. A similar argument can be used in case D1f = 0 to
show that it is independent of the first variable; and if it is independent of both variables, it is just
the constant function.

2-23.

1. Note that any two points in A can be connected by a sequence of lines parallel to one of the
axes. Consider the endpoints of any one of the lines (parallel to the y-axis, without loss of
generality) joining two arbitrary points in A. Applying the mean value theorem on it, we have
f(x1, y) = f(x2, y). Since this holds true for all the lines, the functional value will be equal at
the two arbitrary points. Thus, f is constant.
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2. Consider the function f(x, y) = 0 on the second and third quadrants, x2 on the first and −x2 on
the fourth. This is continuous on A (in fact, if defined on R2, it is discontinuous just on R2\A)
but clearly not independent of the second variable.

2-24.

1. ∂f
∂y =

∂(xy x2−y2

x2+y2 )

∂y = −x(y
4+4x2y2−x4)
(x2+y2)2 . Evaluating at (x, y) = (x, 0), we have ∂f

∂y = x. Also,

limh→0
f(h,0)−f(0,0)

h = 0.

∂f
∂x =

∂(xy x2−y2

x2+y2 )

∂x = y(x4+4x2y2−y4)
(x2+y2)2 . Evaluating at (x, y) = (0, y), we have ∂f

∂x = −y. Also,

limh→0
f(0,h)−f(0,0)

h = 0.

2. D1,2f(0, 0) = ∂D2f(x,0)(0)
x = 1 6= −1 = ∂D1f(0,y)(0)

∂y = D2,1f(0, 0).

2-25. Clearly, for x 6= 0, f ′(x) = 2e−x−2

x3 . Its higher order derivatives will be of the form p(x)e−x−2

xn .

Now, f ′(0) = limh→0
f(h)−f(0)

h = limh→0
e−h−2

h = limh→0

1
h

eh−2 = lim→0
h

2e
1 1
h2

= 0, using L’Hospital’s

rule. f ′′(0) = limh→0
f ′(h)
h = limh→0

1

2e
1
h2

= 0. For higher order derivatives, we need only to apply

L’Hospital’s rule again.

2-27. Note that A = {x ∈ R2 : |x| ≤ 1}, B = {x ∈ R3 : |x| = 1} =⇒ B = g(A) ∪ h(A). This
completes the proof.

2-28.

1. D1F (x, y) = D1f(u, v)k(y)g′(x) +D2f(u, v)g′(x)
D2F (x, y) = D1f(u, v)k′(y)g(x) +D2f(u, v)k′(y)

2. D1F (x, y, z) = D1f(u, v)k(y)g′(x+ y)
D2F (x, y, z) = D1f(u, v)k(y)(x+ y) +D2f(u, v)h′(y + z)
D3F (x, y, z) = D2f(u, v)h′(y + z)

3. D1F (x, y, z) = D1f(u, v, w)yx−1 +D3f(u, v, w)ln(z)zx

D2F (x, y, z) = D1f(u, v, w)ln(y)xy +D2f(u, v, w)zyz−1

D3F (x, y, z) = D2f(u, v, w)ln(y)yz +D3f(u, v, w)xzx−1

4. D1F (x, y) = D1f(u, v, w) +D2f(u, v, w)g′(x) +D3f(u, v, w)D1h(x, y)
D2F (x, y) = D3f(u, v, w)D2h(x, y)

2-29.

1. Follows from definition.

2. Dtxf(a) = limh→0
f(a+htx)−f(a)

h . Substituting u = ht, we have Dtx(a) = limu→0
f(a+ux)−f(a)

(u
t )

=

tDxf(a).

3. limh→0 | f(a+h)−f(a)−Df(a)hh | = 0. Replacing h with tx, we have limt→0 | f(a+tx)−f(a)−tDf(a)xtx | =
0 =⇒ Dxf(a) = Df(a)x. Linearity follows from linearity of the derivative.

2-30. Dxf(0, 0) = limt→0 | f(tx)t | =
|tx|g( tx

|tx| )

|t| = f(x). Thus, it exists.

If we let x = (1, 0), y = (0, 1), then Dxf(0, 0) = f(1, 0) = 0, Dyf(0, 0) = f(0, 1) = 0, but Dx+yf(0, 0) =
f(1, 1) =

√
2g( 1√

2
, 1√

2
) 6= 0 necessarily.

5



2-32.

1. limh→0
f(h)−f(0)

h = limh→0
h2sin( 1

h )

h = limh→0 hsin( 1
h ) = 0. Thus, f is differentiable at 0 and

f ′(0) = 0.
Elsewhere, f ′(x) = 2xsin( 1

x )− cos( 1
x ), which has no limit as x→ 0. Thus, f ′ is not continuous

at 0.

2. Rewriting
√
x2 + y2 = |z|, the argument runs unchanged.

2-33. Continuity of Djf at a is used to infer that, as h→ 0 ≡ cj → a,Djf(cj)→ Djf(a).
Supposing D1f is not continuous at a, we may still apply the same argument for the remaining

components. Then we have limh→0

|f(a+h)−f(a)−
∑n

j=1
∂f
∂xj

(a)hj |
||h|| ≤ limh→0

|f(a+h1)−f(a)−D1f(a)h1|
||h|| +∑n

j=2
|Djf(c

j)−Djf(a)||hj |
||h|| = limh→0 |Df1(a)−Df1(a)| |h1|

||h|| = 0, and we are done.

2-36. The inverse function theorem tells us that for any a, there is an open set V ⊂ f(A) containing
f(a). Thus, we have found an open ball around every point x ∈ f(A) such that B ⊂ f(A). It follows
that f(A) is open. The same argument on the restriction of f to B works to show that f(B) is open.
It follows from the inverse function theorem that an inverse exists and is differentiable at each point
y ∈ f(A). Since we are given the existence of a global inverse, the result follows.

2-38.

1. Suppose f(x1) = f(x2), x1 6= x2. We know that f is continuous on [x1, x2] and differentiable on
(x1, x2). Thus, from the mean value theorem, f(x2)−f(x1) = f ′(a)(x2−x1) = 0 =⇒ f ′(a) = 0
for some a ∈ (x1, x2), contradicting the fact that f ′(x) 6= 0∀x ∈ R. Hence, proved.

2. Df(a, b) =

(
excos(y) −exsin(y)
exsin(y) excos(y)

)
det f ′(x, y) = e2x(cos2y + sin2y) = e2x 6= 0∀(x, y) ∈ R2.
That f is not injective is clear from the fact that f(x, y) = f(x, y + 2nπ).

2-39. For x 6= 0, f ′(x) = 1
2 + 2xsin( 1

x ) − cos( 1
x ). Note that its limit as x tends to 0 does not exist

due to the fluctuating cosine. However, f ′(0) = limh→0

h
2 +h

2sin( 1
h )

h = 1
2 . The function is differentiable

everywhere, but its derivative is not continuous at x = 0.
This is not invertible around x = 0 because in any neighbourhood around the origin, we can find a
point at which the derivative vanishes.

2-40. Let f : R× Rn → Rn : f i(t, s) =
∑n
j=1 aji(t)sj − bi(t) = 0. Note that ∂fi

∂xj
= aij(t)

Thus, by the implicit function theorem, there is a function s(t) such that f(t, s(t)) = 0, and s(t) is
differentiable.

2-41.

1. Note that g′x(y) = ∂f(x,y)
∂y . Thus, ∂f(x,y)∂y = 0 at (x, c(x)). Also, ∂

2f(x,y)
∂y2 6= 0. Thus, we can apply

the implicit function theorem on D2f(x, y) to get differentiability of c. By the chain rule, we have

D1(D2f(x, c(x))) = D1(D2f(x, c(x))) +D2(D2f(x, c(x))c′(x) = 0 =⇒ c′(x) =
−D2,1f(x,c(x))
D2,2f(x,c(x))

.

2. The first follows from the above result, with y = c(x). Also, by definition, y = c(x) =⇒
D2f(x, y) = 0.

3. ∂f(x,y)
∂y = xlogy − logx = 0 =⇒ y = x

1
x . D2,2 = x

y > 0 =⇒ this is the minima we want.

However, 1
3 ≤ x

1
x ≤ 1 only in the range [a, 1] for some a > 1

2 .
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• In the range [ 12 , a), the quantity will be minimized by y = 1
3 . f(x, 13 ) = −x( 1+ln3

3 ) − 1
3 lnx

is maximized at x = 1
2 . f( 1

2 ,
1
3 ) =

ln( 4
3e )

6 .

• In the range [a, 1), we wish to maximize f(x, x
1
x ) = −x1+ 1

x , clearly maximized at x = a. It
equals −a3 .

• In [1, 2], it will be minimized by y = 1. f(x, 1) = −x− lnx. This is a decreasing function,
maximum at x = 1. f(1, 1) = −1.

Comparing the three, we see that the required point is ( 1
2 ,

1
3 ).
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